Introduction {#Sec1}
============

Living tissues in the heart continuously interact with their bio-environment, reshape and rearrange their constituents under chemical, mechanical or genetic stimuli during their life cycles. In the mature period, the tissues of a healthy heart remain in a homeostatic state. However, heart diseases disrupt this balance, and cause the tissues to grow and remodel. Physiologically, exercise may also induce healthy and reversible growth and remodelling. An important ingredient in evaluating the mechanics involved in the cardiovascular system is knowledge of the solid mechanical properties of the soft tissues involved, including the components of the heart, such as the left ventricle, henceforth abbreviated as LV. A particular aspect is that the tissues of the heart are residually stressed, so that when the external loading is removed, residual stresses remain in the material. However, residual stresses, which are generally assumed to result from growth and remodeling, are imprecisely characterized (experimentally) at present, and how best to include the important effects of residual stresses in cardiovascular applications therefore presents a modelling challenge.

Over the last century,[@CR13] various hypotheses on the growth and remodelling response to mechanical loading have been put forward, with particular success in arteries. In conventional elasticity theory the existence of a stress-free reference configuration that coincides with the unloaded configuration is normally assumed.[@CR19] In the present context, however, the unloaded configuration is not stress free, but is residually stressed. The residual stress can be estimated using the so-called *opening angle method*,[@CR2],[@CR14] in which an opening angle indicative of the extent of the residual stress can be measured after a single radial cut of an unloaded arterial ring. Using the opened configuration as the reference configuration, the residual stress in a cylindrical artery model can then be estimated.[@CR2],[@CR26] This methodology has been extended to multiple cuts by Taber and Humphrey,[@CR27] and used in a two-layered arterial model by Holzapfel *et al*.[@CR10]

Inclusion of residual stress is important in modelling the mechanics of soft tissues for a number of reasons: (a) in nonlinear elasticity theory the stress state in the reference configuration can have a substantial effect on the subsequent response to loads, and omission of the residual stress can lead to significantly different stress predictions under load[@CR9],[@CR16],[@CR24]; (b) in biological tissues, the growth and remodelling process will significantly affect the (residual) stress statement in living tissue[@CR1],[@CR15]; (c) while the detailed process of local growth is difficult to measure, residual stress, on the other hand, may be estimated from experiments, as demonstrated by the opening angle measurement. Thus, estimates of the residual stress at particular time instants could provide useful information about the growth history of living tissues.

However, most work that includes residual stress in complex organs, such as the arteries and heart, assumed that a simple radial cut can release all the residual stresses.[@CR23],[@CR22],[@CR7] However, this assumption is not supported by all experiments. For example, Omens *et al*.[@CR21] showed that residual stress in a primary mouse heart could be further released by a circumferential cut following the initial radial cut, as illustrated in Fig. [1](#Fig1){ref-type="fig"}, They also showed that the opening angles are location-dependent, with greater values at heart apex. This implies that the single-cut opening angle configurations does not correspond to the stress-free configuration, and, as is well known, can only be considered as approximately stress-free. Holzapfel and Ogden[@CR12] used a three-layer (adventitia, media and intimal) model to study residual stress in the artery, where they found each layer has a different opening angle when cutting open separately. In other words, it is impossible to release all the residual stress from a single radial cut across the three layers. By developing a model to count for the three-layer structure of the artery, the estimated residual stress is much greater than treating the artery as a single-layer model.

Myocardium does not have such a distinct layer structure; however, it is clear from the experiment by Omens *et al*.[@CR21] that multiple cuts need to be considered when studying residual stress in the heart. Inspired by the finding in Ref. [@CR21] and the three-layer modelling work by Holzapfel and Ogden[@CR12] on arteries, in this paper, we estimate the residual stress distribution across the wall of an intact mature heart using multiple cuts in a simplified heart model. Unlike the approach in Ref. [@CR12] where the three distinct artery layers are modelled with different material properties, we know that any material property change across the myocardium must be smooth and that the transmural stress distributions are continuous. These considerations are taken into account in the current work.Figure 1A typical short-axis apical segment of a mouse heart before and after cuts.[@CR21] The initial intact segment, shown in **a**, was about 2 mm thick. The same segment after a single radial cut and a further circumferential cut is shown in **b** and **c**, respectively. In particular, the endocardial segment has reversed its curvature, in **c**. Note that the definition of the opening angle in Ref. [@CR21] follows that in Chuong and Fung,[@CR2] which is different from that used in the present paper.Reproduced from[@CR21] with permission.

Methodology {#Sec2}
===========

There is experimental evidence that the collagen fibres are coiled and wavy in their unloaded state in arteries[@CR3],[@CR5] and heart.[@CR22] Similarly to previous studies,[@CR12],[@CR28] we assume that collagen fibres are not in tension in the unloaded configuration of the myocardium. Therefore, for modelling the residual stress, we use the isotropic part of the invariant-based constitutive law for the myocardium developed by Holzapfel and Ogden[@CR11]:$$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbf {B}}=\mathbf {FF}^{\mathrm {T}}$$\end{document}$ is the left Cauchy--Green deformation tensor.

For simplicity, we model the LV as an incompressible single-layered cylindrical tube. We consider different scenarios based on different numbers of cuts and assume that the stress in the tube in the absence of loads on its curved surfaces can be released by either a single (radial) cut or multiple cuts (a radial cut followed by one or three circumferential cuts). We also assume that all the cut segments retain their cylindrical configurations, each with its own opening angle, i.e. each is a circular cylindrical sector.

One Cut: Radial {#Sec3}
---------------
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                \begin{document}$${\mathscr {B}}_3$$\end{document}$). For a single (radial) cut, the opening angle approach has been well described[@CR2],[@CR10] for arteries, but is summarised briefly here for completeness. Let the geometry of the right-hand panel in Fig. [2](#Fig2){ref-type="fig"} represent a stress-free configuration $\documentclass[12pt]{minimal}
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The (isochoric) deformation from $\documentclass[12pt]{minimal}
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On integration and use of the latter boundary conditions Eq. ([13](#Equ13){ref-type=""}) gives$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int ^{r^{(\mathrm {o})}}_{r^{(\mathrm {i})}} \frac{\sigma _{\theta \theta }-\sigma _{rr}}{r} \mathrm {d} r =0, \end{aligned}$$\end{document}$$which, on substitution from ([10](#Equ10){ref-type=""}) and ([11](#Equ11){ref-type=""}, [12](#Equ12){ref-type=""}), can be used to obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r^{(\mathrm {i})}$$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr {B}}_3$$\end{document}$ (and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r^{(\mathrm {o})}$$\end{document}$ from ([5](#Equ5){ref-type=""})) when the initial radii $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R^{(\mathrm {i})}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R^{(\mathrm {o})}$$\end{document}$ and *k* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma$$\end{document}$ are known. Hence, given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi$$\end{document}$, all the Cauchy stress components can be obtained explicitly in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr {B}}_3$$\end{document}$.

It should be emphasized that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\sigma }$$\end{document}$ is not strictly a residual stress since the presence of the components $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _{zz}$$\end{document}$ requires appropriate non-zero boundary conditions, whereas true residual stress is associated with zero-traction boundary conditions. However, the axial force *N* required to maintain the circular cylindrical configuration $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr {B}}_3$$\end{document}$[@CR10]$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} N= 2 \pi \int ^{r^{(\mathrm {o})}}_{r^{(\mathrm {i})}} \sigma _{zz} r \mathrm {d} r= \pi \int ^{r^{(\mathrm {o})}}_{r^{(\mathrm {i})}} (2\sigma _{zz}-\sigma _{rr}-\sigma _{\theta \theta }) r \mathrm {d}r, \end{aligned}$$\end{document}$$is non-zero but small. Following, Ref. [@CR12] we adjust the axial stress so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _{zz}-\frac{N}{\pi [(r^{(o)})^2-(r^{(i)})^2]}$$\end{document}$ is the approximate measure of the residual axial stress. The adjusted residual axial stress has its mean removed so that the resulting axial load vanishes.

Two Cuts: Radial and Circumferential {#Sec4}
------------------------------------
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It is assumed that is there is no bending moment on the faces $\documentclass[12pt]{minimal}
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An expression for the required axial load *N* for the intact ring is obtained from a formula similar to that in ([15](#Equ15){ref-type=""}), and the corresponding residual axial stress is adjusted to make the resulting axial load vanish.

Four cuts: one radial and three circumferential {#Sec5}
-----------------------------------------------

The effect of two further circumferential cuts, one in each of the two separated sectors, is now considered in order to assess if there is any significant change in the resulting calculated residual stress compared with that obtained with a single circumferential cut, although this is not a test that has been carried out experimentally. For definiteness we consider taking a circumferential cut along the mid-wall of each of the two sectors of the two-cut model, leading to the four separate sectors depicted in Fig. [4](#Fig4){ref-type="fig"}. In this model we assume that the resulting configuration $\documentclass[12pt]{minimal}
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Results {#Sec6}
=======

Modelling Parameters {#Sec7}
--------------------

The reference configuration is different for the different models, so we need to define the parameters according to each specific model considered. From $\documentclass[12pt]{minimal}
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For the two-cut model, in addition to the parameters used in the one-cut model, we use additional measurements in $\documentclass[12pt]{minimal}
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Initially, we consider a homogeneous myocardium model, for which the material parameters of the constitutive law ([1](#Equ1){ref-type=""}) are fitted to the data of mice.[@CR20] This gives $\documentclass[12pt]{minimal}
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However, the dramatic difference in the maximum hoop stress between the single-cut and multiple-cut models raises a question about the rationale of considering homogeneous material properties. Novak *et al*.[@CR18] showed that canine myocardium is heterogeneous with location dependent material properties. In particular, they showed that the mid myocardium is softer than epicardium or endocardium, although they didn't find differences in regional (anterior wall vs septum) stiffness. We therefore also consider an inhomogeneous myocardium model, and fit the data from[@CR18] with the strain-energy function ([1](#Equ1){ref-type=""}).

The parameters are spatially dependent, as shown in Fig. [5](#Fig5){ref-type="fig"}. Since our model is for mice, and there are no experimental data on the heterogeneous properties of mice myocardium, we take the spatial variation of the canine data, but keep the mean values of the mice data from our fitted parameters, and include these in our calculations.Figure 5The heterogeneous material parameters *a* (left), and *b* (right), fitted to experiments. The red dashed lines indicate the constants used for the homogeneous models, and the red solid lines are for the heterogeneous mice models, with the spatial distributions taken from the canine data in Ref. [@CR18] (black solid lines).

Results for the Homogeneous Myocardium Model {#Sec8}
--------------------------------------------

The geometry of the intact ring predicted in the three different models is summarized in Table [3](#Tab3){ref-type="table"}, and compared with the measured data in Ref. [@CR21].

It is clear that the agreement of the estimated radius and thickness of the unloaded configuration gets better as the number of cuts increases. Although in principle the true zero-stress configuration requires infinite cuts, Table [3](#Tab3){ref-type="table"} suggests that two or four cuts provides a good approximation of the zero-stressed configuration, given that the measured geometry is not exactly circular, although it is assumed to be circular in each model.Table 3Computed intact ring for the homogeneous models, compared to measurements.[@CR21]Measurements (mm)One-cut modelTwo-cut modelFour-cut model$\documentclass[12pt]{minimal}
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The components of the residual stress distribution in the intact-ring configuration $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr {B}}_3$$\end{document}$ from the three different models are shown in Fig. [6](#Fig6){ref-type="fig"}. The residual axial stress for each model is adjusted to remove the impact of the non-zero values of N (=$\documentclass[12pt]{minimal}
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                \begin{document}$$1.42\times 10^{-3}$$\end{document}$, respectively, in the one-cut, two-cut, and four-cut models.) Although the overall distributions are similar in all these models, there is marked difference in the magnitudes of the hoop stresses. In particular, the maximum $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _{\theta \theta }$$\end{document}$ is 1.75, 17.13, and 17.15 kPa, respectively, for the one-cut, two-cut, and four-cut models. Comparing to the one-cut model, the ratio of the maximum hoop stresses over the single cut is about 9.78 times for the two-cut model, and 9.80 times for the four-cut model. We also notice that although the four-cut model gives much smoother stress distribution, the two-cut model leads to a similar magnitude of the maximum hoop stress. This suggests that the significant rise in the residual stress is due to the negative curvature at the first circumferential cut.Figure 6Distribution of the residual stress components in the intact ring from **a** single cut, **b** two-cut, and **c** four-cut models based on the homogenous material assumption.

Results for the Heterogeneous Myocardium Model {#Sec9}
----------------------------------------------

The results of the intact ring from the heterogeneous myocardium model are computed. Again, the residual axial stress for each model is adjusted to remove the impact of the non-zero values of N (=$\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _{\theta \theta }$$\end{document}$ is 1.85, 16.12, and 16.63 kPa, respectively, for the one-cut, two-cut, and four-cut models. The ratio of the maximum hoop stresses over the single cut is slightly lower than that of the homogeneous material, at about 8.71 times for the two-cut model and 8.73 times for the four-cut model. Again, apart from smoother and somewhat different stress distributions, the four-cut model predicts very similar maximum hoop stress as the two-cut model.Figure 7Distribution of the residual stress components from **a** one-cut, **b** two-cut, and **c** four-cut models based on the heterogeneous myocardium assumption.

Discussion {#Sec10}
==========

The issue of multiple cuts has been studied before. In particular, Fung suggested that one radial cut might be sufficient to release all the residual stress. This was supported by his experiments which showed that after two or more radial cuts, no obvious deformation occurs from the one-radial-cut configuration of the arteries.[@CR6] Using our models we can show, however, that multiple radial cuts do not indeed release more residual stress, since due to the symmetry of the considered geometry, once a radial cut is made, no further elastic deformation can occur after more radial cuts.

In other words, the deformation gradient in each of our different models is independent of the azimuthal angle and the solutions are also independent of this angle. However, this does not indicate that the one-cut configuration is a stress-free one. To further release residual stress circumferential cuts following a radial cut are necessary. We note that even with multiple cuts, we may not release all the residual stresses. In principle, only infinite cuts can release all the residual stresses. This explains why the stress distributions are not smooth and appear to have deflections around where the cuts are, since we have to assume the configuration after two or four cuts is stress-free. This process could be improved with more cuts, though more than four cuts cannot be modelled in this paper without further experimental data. However, the curves in the four-cut model are almost smooth, the required axial load to maintain the cylindrical shape of the intact ring reduces is smaller, and the predicted intact ring thickness agrees very well with the measurements. All these tentatively suggest that the four-cut model is already a good approximation for the residual stresses. Indeed, in terms of estimating the residual stress magnitude, even the two-cut model seems to be good enough.

The fact that our two-cut and four-cut models predict a much higher (about 8-9 times!) hoop stress is perhaps not unexpected given the large negative curvature revealed by the experiments.[@CR21] The increased value of the residual hoop stress agrees with the rough estimation by Omens *et al*.[@CR21] based on a simplified concentric cylindrical shell model, where they showed that the maximum loop stress was about 20kPa, which is close to our estimation of about 17kPa.

We argue that the significant stress underestimate of the one-cut model does not just occur in the heart models. In the residual stress modelling of arteries, by treating the artery wall as three separate layers (intima, media and adventitia), and measuring the opening angles for each of the three layers, Holzapfel and Ogden[@CR12] have essentially developed a three-cut model (one radial cut followed by two circumferential cuts, in this case separating the layers with different properties). Their model is also heterogeneous, as different material parameters are used for different layers. We now compare the residual stress distribution across the artery wall in Fig. [8](#Fig8){ref-type="fig"} using their three-cut approach and the one-cut model. The results from the one-cut (or one-layer) model are reproduced here using the same parameters as in Ref. [@CR12]. The maximum values of the hoop stress and their ratio to the one-cut model results in different layers of the three-cut model are listed in Table [4](#Tab4){ref-type="table"}, which shows that the ratio of the hoop stress in the different layers ranges from 24 to 50 times. This difference is even greater than that of the mouse heart.

In this study, we assume that the deformation gradient is diagonal. Note this is in general not true for the heart under loading.[@CR8] However, since residual stresses are estimated from the unloaded configuration, the fibres are in general coiled and do not bear the load. Therefore the myocardium behaves like an isotropic material, and the radial, circumferential and axial directions are the principal directions of the deformation, i.e. the deformation gradient is diagonal in these directions. This is different from artery modelling, when the two families of fibres are assumed symmetrical about the axial direction. Hence, even when loaded with pressure, tensioned fibres do not alter the principal directions of the deformation. Therefore, the diagonal deformation gradient (e.g. Ref. [@CR12]) is assumed in arteries for a different reason.

Finally, we would like to state the limitations of the study. We have assumed that cross-sections of the heart are cylindrical, and all the cut segments retain their cylindrical configurations, each with its own opening angle, i.e. each is a circular cylindrical sector. Needless to say, this is not always true, particularly in opening angle studies of arteries, where a single cut of an arterial ring can have a non-uniform curvature.[@CR25] In addition, with the cylindrical assumption, we cannot model the experimental observation that opening angles are location-dependent, with higher values at heart apex.[@CR21] Indeed, the "true" residual stress can only be achieved through infinite cuts using the opening angle method, which is not practical. We believe the residual stress estimation, although an approximation, is a step forward to the physiological range compared with using the single cut opening angle method.Figure 8Residual stress distributions through the intima, media and adventitia of the artery wall as functions of the radial coordinate *r*: **a** residual stress is recomputed here using a one-cut model, all other parameters being the same, so that the comparison can be made with the multi-layer approach, and **b** the original result with layer separations from Ref. [@CR12], reused with permissionTable 4Residual stress computed using a single-cut and the original (three-cut) HO model.[@CR12]Max. hoop stress (kPa)One-cut modelThree-cut model[@CR12]Ratio of stressesAdventitia0.5715.0826.45Media0.4723.7450.51Intima− 0.97− 23.2023.91

Conclusion {#Sec11}
==========

Based on experimental observations that a single radial cut does not release all residual stress, we have used multiple cuts to estimate the residual stress distributions in a mouse left ventricle model. Our results show that both radial and circumferential cuts are required to release the residual stresses in the middle wall of the left ventricle. Remarkably, using radial cuts alone leads to a significant underestimate of the residual stress, which will be around 8 to 9 times greater if estimated on the basis of combined radial and circumferential cuts. Similar findings apply to arteries based on the model in Ref. [@CR12]. We remark that the results are not significantly different using the homogeneous or heterogeneous material models. In addition, although the stress distributions are different and much smoother in the four-cut model, the two-cut model can already estimate the maximum hoop residual stress quite satisfactorily.

**Publisher\'s Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

We would like to thank Ray Ogden and Jay Humphrey for helpful discussions. XZ is sponsored by the China Scholarship Council Studentship and the Fee Waiver Programme at the University of Glasgow. XYL is grateful for the support by the UK Engineering and Physical Sciences Research Council grants (EP/S020950, EP/S014284, and EP/N014642).

Conflict of Interest {#FPar1}
====================

There is no conflict of interest to declare.

[^1]: Associate Editor Michael S. Sacks oversaw the review of this article.
